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Using Killing- Yano symmetries, we construct conserved charges of spacetimes that 
^ . asymptotically approach to the flat or Anti-de Sitter spaces only in certain directions. 

D I In D dimensions, this allows one to define gravitational charges (such as mass and 

Q ' angular momenta densities) of p-dimensional branes/solitons or any other extended 

■ objects that curve the transverse space into an asymptotically flat or AdS one. Our 

construction answers the question of what kind of charges the antisymmetric Killing- 
^ , Yano tensors lead to. 
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^ ■ I. INTRODUCTION 

The use of background symmetries (such as "Killing vector symmetries") for defining 
(D \ conserved charges in gravitational theories - those arising from the extremization of an 
^ ' action or those endowed with "Bianchi identities" - has borne much fruit. Two immediate 
consequences of such definitions are: the background gauge invariance of the charges and 
^ ■ the vanishing of the background charge. One then computes the charges of those spacetimes 
that asymptotically approach the background. It is important to note that these charges 
are expressible as surface integrals at the spatial boundary of spacetime. What is implicit 
in this construction is that the asymptotic structure of the spacetime is either fiat or AdS, 
be it locally or not, and the integrations are carried out on {D — 2)-dimensional "spheres" 
or tori (or the products of these) (see e.g. [H, S]). 

These definitions allow for the calculation of the charges of spacetimes (such as black holes, 
localized solitons and so on) that approach to fiat or AdS geometries in "all dimensions". 
However, a naive application of these charge definitions to spacetimes that approach to flat 
or AdS spaces only in certain transverse directions immediately leads to trivial divergences. 
For example, the "mass" of an extended solution, such as a p-brane, which is infinite in 
specific directions and curves the transverse space into fiat or AdS geometry, would be 
divergent. Thus, the question whether one can construct a reasonable charge definition 
which only considers the transverse part of such spacetimes is of relevance. 
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An important step in this direction, for transverse asymptotically flat case, was taken by 
Kastor and Traschen 0] who used background antisymmetric Killing- Yano tensors, instead 
of background Killing vectors. Quite interestingly, unlike the usual Killing charges (such as 
energy and angular momentum) which are built out of the linearization of the Einstein's 
equations. Killing- Yano charges are constructed from a new antisymmetric current which 
makes no reference to Einstein's equations Kastor and Traschen termed these "new" 
conserved quantities as Y-ADM charges. For rank n Killing- Yano tensors, they worked out 
the case when the transverse part of the spacetime is asymptotically fiat. In a follow-up 
paper [5|, they discussed the conditions necessary for the positivity of Y-ADM "mass". 
One very important result of their work is that even though they have constructed these 
Y-ADM charges from new antisymmetric currents and Killing- Yano tensors, making no 
reference to Einstein's equations, they obtained the usual ADM expression, except that the 
integrations are now to be carried out only in transverse directions instead of the usual 
{D — 2)-dimensional spheres or tori. Thus, for example, as far as the "mass-like" Y-ADM 
charge is concerned, what they ended up with is just the mass density of, say, a ]9-brane that 
either extends to infinity in p spatial directions or is periodic in certain directions. 

We note that Killing- Yano tensors, unlike the Killing vectors, are not related to the 
isometrics of the metric; thus they do not lead to the already known symmetries and con- 
served quantities. However, in different contexts they have been shown to yield various 
nontrivial constants of motion which are related to the separability of the Hamilton- Jacobi 
and wave equations. The most important application of this is the Kerr-Newman metric in 
four dimensions [6|. [See Gibbons et al. [3] for more details and the connection between 
Killing- Yano tensors and a nontrivial supersymmetry which is related to the square root of 
a constant of motion (not the usual Hamiltonian) derived from a Killing- Yano tensor.] Here 
we shall give another use of these tensors. The main point is that, if a spacetime admits 
such objects, one can construct new conserved currents Q whose physical meaning we try 
to interpret here. 

One important question which was mentioned by Kastor and Traschen is finding the sur- 
face integral expressions of the Killing- Yano charges for transverse asymptotic AdS space- 
times. Our main task in this paper will be to carry out in full detail the construction of 
these conserved quantities for such spacetimes admitting rank n Killing- Yano tensors. We 
shall call these Y-AD (Yano-Abbott-Deser) charge densities. In the next section, which is 
the bulk of our paper, we give the construction of these and present an example of the long 
axisymmetric Weyl rod. 

II. KILLING- YANO CHARGES OF TRANSVERSE ASYMPTOTICALLY AdS 

SPACETIMES 

Similar to the construction of the background Killing charges for asymptotically ^4^5* 
spacetimes [2I, 0], here we will be interested in transverse asymptotically AdS spacetimes 
that asymptotically admit completely antisymmetric tensor fields which play an analogous 
role to the usual background Killing symmetries. For clarity of the discussion, we will first 
concentrate on the rank 2 case in what follows. Later, we will generalize these results to the 
case of arbitrary rank n Killing- Yano tensors. 

Let us consider a D-dimensional spacetime cjab-, which we call 'the background spacetime'. 
A completely antisymmetric rank n tensor faia2...a„ is a Killing- Yano tensor of this spacetime 
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if it satisfies 

Va fba2...a„ + Vfe faa2...a„ = . (l) 

Note that when rank equals 1, this reduces to the usual Killing vector definition. The 
spacetimes gab whose Killing- Yano charges we will compute do not necessarily admit exact 
Killing- Yano tensors. However, we demand that the metric gab can be asymptotically split 
into a background plus a perturbation: 

gab = gab + Kb ■ (2) 

We require that for certain transverse directions (whose number is less than or equal to {D — 
2)), gab asymptotically admits Killing- Yano tensors due to this sphtting and the assumption 
that hab vanishes sufficiently fast at the spatial infinity. Let us take the background spacetime 
(jab to be AdS, which obeys 

D_ 2A /----ND_2A_ - 2KD 

Rabcd — 77;; TTTFi oV \9ac 9bd — Qad 9bc) , Rab — JT: Qab , R 



In D = 4, the AdS spacetime admits 10 Killing- Yano tensors of rank 2 j^, [9|. For the 
number of Killing- Yano tensors of rank n in D dimensions, see (2.4) of 8. 

For the rank 2 case, one can easily prove the following identities, which we freely make 
use of in the calculation of (fTOj) below: 

Vaf' = 0, Vafbc = Vjca = V c fab , (3) 

2A 

'^d'^afbc = (^D _ i'j(^D _ 2'j '^'^^ ^'^^ ■^"''^ ^'^'^ ^^""^ ' 
2A- 2A- 

n fab = i^jj _ fba , V° Vfe fac = _ -^^ fbc ■ (5) 

Using the Riemann, the Ricci tensors, the Ricci scalar and the Killing- Yano tensor of 
rank 2, a covariantly conserved antisymmetric current was introduced in 8- The 'linearized' 
version of this antisymmetric current [13] 



{f)L = {Red - 2/^^^ (i?e ')l + 2/"'= (i?e + Rl • (6) 

given by [3], is background covariantly conserved. [We emphasize that, if the spacetime 
admits a full Killing- Yano tensor itself, then the full 

jab jg 

covariantly conserved. However, 
for the discussion that follows here, we assume that only the background spacetime has 
asymptotic Killing- Yano tensors.] Then the 'linearization' process can be carried out in the 
usual way, by keeping terms linear in the perturbation metric hab- Since this current is 
antisymmetric, this covariant conservation leads to an ordinary conservation law via 

4bc\ \ Q / I\t,\ ( Abe 



v.(v/|^|(/^U) = 9,(v/|^|(/'=U). (7) 

Out of this linearized current, a conserved charge was constructed in ^] for asymptotically 
transverse fiat backgrounds, i.e. they took gab = Vab- Here we will carry out the analogous 
calculation for asymptotically transverse AdS backgrounds. 

The crucial step in this computation is to express (j"^) l as the divergence of a completely 
antisymmetric rank 3 tensor, i.e. {j°'^)L = Vd^"'^'^ ■ Then, up to a trivial normalization, the 
conserved 'charge' can be obtained as 

^ab _ / ^ c . / Inl ffabi 



Q^"^ / dSi^/\g\r'\ (8) 
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where i ranges over the (D — 3)-dimensional spacehke hypersurface E at spatial infinity. [One 
could as well perform similar steps for asymptotically transverse de Sitter backgrounds, 
except that one now has to stay inside the cosmological horizon and assume that the p- 
brane/soliton, if it at all exists for such backgrounds, does not change the location of the 
horizon.] 

In order to find the "potential" i"'^'^ for the current, we need the following expressions for 
the linearized Riemann, Ricci tensors and the Ricci scalar: 

2A 1_ 



{D-2 

The substitution of these into yield 

2A 

4A 



(D-2 



2A 

-r' nh + r' Ve V, - j^—-^ h . (9) 

After somewhat lengthy but straightforward calculations, we finally obtain 

(Z")^ = 3! Vd (f[" V' ^ + ^ V'^l + ^ /^c V'^ /l^l^l - ^ /[^" V|,| /i"^]^ + ^ , 

(10) 

where we have used the standard bracket notation to indicate the totally antisymmetric parts 
of tensors. We give a rederivation of this result in Appendix |A] using the spin-connection 
and the vielbein formulation of gravity. 

This current leads to the following conserved 'charges' 

- Vici + - /i v''' , (11) 



2" '6 

as an integral over the (D — 3)-dimensional spatial hypersurface. Our choice of normalization 
will be clear from the discussion below. 

This is our main result for conserved rank 2 ' Killing- Yano charges' for asymptotically 
transverse AdS spacetimes. Of course, the formula ( fTTj) covers the fiat space (A = 0) limit 
given by 0|, except that our notation is different. Up to now, we have not made a specific 
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choice of coordinates, apart from the assumption that the perturbation part of the metric 
behaves in such a way that the 'charge' integration does not diverge. Thus, as can also be 
checked exphcitly, (fTTj) is invariant under background diffeomorphisms S^hab = ^aCt + '^bCa- 

We shall generalize the formula fill I) to the case of rank n Killing- Yano tensors in what 
follows. However, before we move on to that, let us step back and think about the meaning 
of the current (EI) and the 'charge' ( iTTl) it led to. If anything, it is hard to grasp the 
geometric or the physical meaning of this current. Nevertheless, it is certain that being a 
conserved current, it leads to a conserved 'charge', whose physical meaning is, unfortunately, 
again unclear. It was shown in 0, [sj that for asymptotically transverse flat spacetimes, 
explicit computation using "translational Killing- Yano tensors" indicates that one gets the 
ADM mass density. However, this is quite puzzling since we know that one gets the ADM 
mass from Einstein's equation using a timelike Killing vector and the symmetric energy 
momentum tensor Tab, which is covariantly conserved. Moreover, it is more important to 
note that the meaning of Tab and its relation to geometry is quite clear. Keeping this 
discussion in mind and taking the risk of being pedantic, we then ask the following question: 
Why does one get mass (and angular momenta) from the 'good old' symmetric Tab but, 
mass (and angular momenta) 'densities' from completely new antisymmetric currents like 
jab? This question, which was not addressed in j3, 1^ , clearly deserves some attention, whose 
answer we don't know. 

Let us first consider the rather "unique" rank 1 case and go back to the Killing vectors; 
then the construction above should give the fiat space ADM pL] or curved space AD 0,9 
charges. Now, instead of suppose that we have a Killing vector In this case, ([5]) (or 
more explicitly fll9l) below) very naively gives a background conserved current 

(?)i = -2f (G%)i, (12) 

which is nothing but (up to a constant and the choice of the sign which is a matter of 
conventions) C,'' {T"- b)L- The resulting charge, whose details were given in [3|] (similar to the 
form of (ITT]) ), reads 

4 "D-2 L^D JdT. 

with 

= 2! (a + h + h^^" 6 - V|b| h^^^ + hi V'" f^) , (14) 

where the integration is over a solid angle of a (Z) — 2)-dimensional sphere S^^^. Comparing 
f[T^ with flTTl) . we see how the generic rank n case will read; the underlying procedure is 
nothing but a proper antisymmetrization of f[T^ . 

The main question now is whether we could have gotten flTTl) without referring to the 
antisymmetric current ([6]) whose connection to the physical mass and angular momenta is 
unclear. Of course, the more relevant conserved current to use is the energy momentum 
tensor. Let us show now that one cannot actually do that. In fact, consider a generic 
gravity theory coupled to a covariantly conserved matter source Tab, 



^abig,R, VR,R\...)=Tab, 



(15) 
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where is the "Einstein tensor" of a local, invariant generic gravity action, with 
^ab{g, R, V-R, . . . ) = by assumption. The Bianchi identities of the full theory (just as 
the background gauge invariance) are now carried on to the background such that Va$"^ = 0. 
Consider now the following: 

Ve(r'<f6^) = v,(r^r,^) = o, 

which follows from the background Bianchi identity, ([3]) and the antisymmetry of the Killing- 
Yano tensor. Note, however, that 

Vcir' $6 = d,{r' $5 '=) + f <^ p ^ + f ^ . 

Using T"^ cd = dd (In a/|^), this can be written as 

^c{^M r' <f 6 ^) = 9,( ^) + f « ,d $6 ^ (16) 



The last term on the right hand side of ( |T6l) does not necessarily vanish and this is the 
reason why an analogous construction as the one given in [I, Isj with Killing vectors cannot 
automatically be carried on to the case of Killing- Yano tensors, since the tensor density 
current is not ordinarily conserved in general. However, if we consider the 

antisymmetric combination /"''$;,^ — f^^^h"- [15], then we have 

Vc ( v^(r' ^ - r' $6 n) = dc[VW\{r' ^ ^ - ^ ")) ^ o , 

due to the fact that Va(r''$6') ^ 0. Thus, one is forced to use the new antisymmetric 
current ([6]). 

For the rank n case, these charges are computed as follows: one starts with (1141) and first 
replaces the background Killing vector with the background Killing- Yano tensor J<^i---"". 
Next thing to do is to fully antisymmetrize the expression thus obtained with respect to 
the uncontracted indices inside the covariant derivative in such a way that one gets a fully 
antisymmetric potential £°-i---"-ri+i _ Pqj~ ^^j^g rank 2 case, one can easily get ffTTl) through this 
method. For the rank n case, we get 



n 



+ l)\Vd( V'' h'^K+— f^^^^-""-^ S/^^h+— he f\c\a,...a„-i] 

nl {n + ly. / 

which yields the following conserved 'charges' when integrated over a (/} — 1 — ?7,)-dimensional 
hypersurface at spatial infinity [l^ 



+ V'^/lcki-^n-i] _ _L j[bai...a„_i y j^d]c ^ 1 ^ y [fe jdai...a„_i]'j _ QgN 

n! n\ (n + ly. ) 

Once again this formula works both for asymptotically transverse AdS and asymptotically 
transverse flat spacetimes in generic coordinates. We could also have gotten this expression 
using the following conserved current given by j3| 

^■ai...a„ = _ 1) ja3...a„]fec ^ 4(^_X)n [ai ya2...a„]c ^ 2 ^ ^^^^^ ^ ^^^^ 

7% 
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Obtaining (fTS!) from (fTOjl by following steps similar to the ones that took us from ([6]) to (fTOj) 
(and thus to (ITT]) ) is again straightforward but considerably longer. 
An explicit example: The long Weyl rod 

As has already been mentioned before, our construction works for asymptotically trans- 
verse flat or AdS spaces. For the latter, we are not aware of any solution with a uniform 
mass density. However, for the fiat case, we can consider the infinitely extended Weyl rod 
Since this solution is not widely known, let us first write down the metric for a rod 
centered at the origin with length L and total mass m: 

ds^ = -e^* dt^ + [e^- {dr^ + dz^) + dip^] , (20) 

where 

^ ~ \R, + R2 + LJ ' ^ " I 4R,R2 J ' ^ ^ 

R, = ]lr^+[^-^) , R2 = ■ (22) 

The correct background to work with is the fiat Minkowski spacetime written in cylindrical 
coordinates which is simply obtained by setting m = 0. A calculation using ( fT3l) with the 
background Killing vector = —S'^ o indeed yields the mass to be m. [Note that when 
L —L, m — > —m and the Schwarzschild solution can be obtained by setting m = L.] As 
L — s> oo, the total mass obviously diverges. As for the Killing- Yano charges, one starts with 
a background Killing- Yano tensor whose only nontrivial component reads = —1, and 
uses ffTTj) . The result is Q*^ = m/L, which is simply the constant mass density. 



III. CONCLUSIONS AND DISCUSSIONS 

Using the antisymmetric background Killing- Yano tensors of rank n, we have constructed 
conserved gravitational charges of D-dimensional spacetimes that asymptotically approach 
to Anti-de Sitter or fiat spaces only in some transverse directions of an extended gravita- 
tional solution. This work generalizes that of Kastor-Traschen [4] which dealt only with 
asymptotically transverse fiat spacetimes. Our construction is based on the linearization of 
a completely antisymmetric current f|T9|) given by [4], whose physical meaning is somewhat 
unclear. This current makes no reference to a specific gravity model. 

The conserved charge densities are background diffeomorphism invariant. It is somewhat 
surprising that one can get anything meaningful out of Killing- Yano tensors with regard to 
the conserved quantities of "extended" gravitational solutions, such as p-branes. To begin 
with, a naive application of the ADM or AD charges gives divergent results for the total 
mass and the total angular momenta. However, the mass density and the angular momentum 
density turn out to be finite which can be expected. What is quite interesting is that these 
"densities" are expressed as integrals over a {D — p — 2)-dimensional hypersurface at spatial 
infinity, in close analogy with the ADM or AD case. In fact, the main difference is that, 
for Killing- Yano charges parallel directions to the "brane" are left alone in the integration 
process. 

As already mentioned, these conserved gravitational charges, constructed out of the 
Killing- Yano tensors, turn out to be "charge (mass) densities" . One might simply ask why 
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one would bother with these conserved quantities at the first place when one can simply 
go back to the ADM or the AD formulas and define charge densities out of these. This is, 
of course, a legitimate question which has two possible answers: Firstly, a naive mass den- 
sity definition obtained from the ADM or the AD expression would not be diffeomorphism 
invariant, the use of Killing- Yano tensors renders the result coordinate invariant. This is 
important. Secondly, it is better to read our result from a different perspective. We have 
established the following: If a spacetime asymptotically admits antisymmetric Killing- Yano 
tensors, the conserved quantities they generate are the mass and the angular momentum 
densities. 

As for an explicit example, we have given the mass density of the axisymmetric Weyl rod 
in D = 3 + 1 dimensions. It would, of course, be better to give more examples, especially 
consider those solutions which are transverse asymptotically AdS and those that also involve 
rotation, but unfortunately we are not aware of such solutions. 

Finally, we have especially refrained from a discussion on the positivity of these "mass- 
densities" (for the asymptotically transverse flat spacetimes case, such a discussion was given 
in [sl). In asymptotically AdS spacetimes, there are negative mass objects (see e.g. and 
the references therein). Thus, in general, we do not expect 'a positive mass theorem' to hold 
in these spacetimes. It is true that, following e.g. Gibbons et al. [lH, one can presumably 
show the positivity of mass density in certain 4-dimensional spacetimes by rewriting the 
mass density in terms of the square of certain Witten-Nester spinors. However, for many 
interesting solutions, such as the AdS soliton, one does not have regular spinors [l3| satisfying 
the requirements of positivity. 



APPENDIX A: DERIVATION OF THE KILLING- YANO CHARGES IN THE 

SPIN-CONNECTION FORMALISM 

In this appendix, we will redrive flTUl) using the first order form of gravity. This is not a 
redundant task at all, since it maybe relevant to various supergravity models. 

Analogous to the definition of a Killing- Yano tensor of rank 2, we define a Killing- Yano 
2-form / in terms of orthonormal co-frame 1-forms as 

f = lfabe''Ae\ (Al) 

The current ( fT9|) for the case n = 2 now can be written as 

J = fabR^' + 2iafAP'' + fR, (A2) 

where i?"^* is the curvature 2-form defined in the usual way as 

R^^ = du^^ + uj\ A uj''^ (A3) 

in terms of the connection 1-forms u}"" b] P"' stands for the Ricci 1-forms defined through 
P"^ = LbR^°' and R is the curvature scalar R = iaibR^"'. The current j"''' can be obtained in 
an orthonormal frame as 

f'' = R^b'^'^ - 2r e P"^ + 2f c P"" + r^R, (A4) 

by noting that 

P« = P^e^ R''' = W'^e''Ae'' and j = ljabe''Ae\ (A5) 
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where fba = ia^bf ■ 

Suppose also that the metric tensor g = rjab e" <S) is decomposed such that the 'full' 
orthonormal coframe 1-form e° can be written as the sum of a 'background' orthonormal 
coframe 1-form e" plus a 'deviation' piece as 

e-^e^ + if^e^ (A6) 

where the 0-forms ip"' b are as usual assumed to vanish sufficiently rapidly at the 'spatial 
infinity'. The background spacetime geometry is assumed to satisfy the cosmological Einstein 
field equation 

i?"^ A*(e, Acfe AeJ = A*ee, (A7) 

where * is the background Hodge operator. flA7l) are solved by a space of constant curvature 
which satisfies 

- _ 2A 
- 1 - 2A 

Rab = 2 R'^bcd Ae'^= p_ i)p_2) ^ ^^^^ 

« ~ It o ' ^o-b — -p^ -^Vba , rC — LaLbK 



D-2 D-2' D-2 

Moreover, the relation Lb = 5^ ° implies that Lb = lb — fbs^^ in terms of the inner product 
operator lb of the background spacetime that satisfies Ibc'^ = Sb""- Now the Cartan structure 
equations [in the case of vanishing torsion T""] de"' + tu" A e** = yield 

= + {ibDip- , - i^Dip^b) (A9) 

to first order (linearized form) in ip"' b, where for any p-form b 

DQ\ = dy^\ + u\AQ''b-oo''bA^\ (AlO) 

and LJ°' b satisfies the background Cartan structure equation rfe" + uj"" b A = 0. Using (1A3P 
and these preliminaries, the linearized curvature 2-form can be calculated as 

j^ab ^ j^ab _-c ^ D{i*D<f'' J + A D{rD^^ ^) , (All) 

which yields the following formulas for the Ricci 1-form 

pa ^pa_ p)^-j<^jj^b ^ D{tD^b ") + lbD{rDLp^ c)e' - lbD{i^D^^ ")e" - ^bsl'R'"' , (A12) 

and the curvature scalar 

R = R-2Db 5 Va " + 2Da DbV^' - 2^ab P"' , (A13) 

where Dbip'"' = hDip'"' and Da Dbip'"' = laD{lbDip^''). 

The use of the background Killing- Yano 2-form / = \fab(i"' A e'', and the substitution of 
flAlip . flA12l) and (IA13P into flA2l) gives the following expression for the linearized current 
2-form ji : 

3l = fabe'AD{i^D^,')-Ue'AD{i^Dy^\)~y^anrbR'''-^bifjR''' 
-21 J A Dijf'Dip'b) + 2lJ A DitDipb"") + 2lJ A e%D{rDip' 
-21 J A e%D{tD^, ") - 2^bslaf A I'R"' - 2^asl' f A 

+2flaD {ibD^"') - 2fi^D {ibDipa - 2fipabP''' . (AM) 
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This linearized current can be written in terms of the background orthonormal co-frames as 
Jl = IO'^IlCc Ae,: 

{Dl = fab {D'Dy^ - D^D"'^'^ + D^DV" - D'D^'^'"') 

-ifalf bR"'"' - mfa 'R"'"' + 2 {fa '^uR'""' ' fa '^blR'''''') 

+2 fa " {DW^ipb " - D'D"^^ b + DbD^if''' - D^Dbip'") 
-2 fa ' {D^D^^pb " - D^D^'' b + DbD^ifi^" - D^Dbip"") 

-2 {^air^P'"' - ^alP'R"') + 2r {DaDb^'" ' D^Db^a " " VabP"') • (A15) 

The next thing to do is to express flAlSp in the form {j'^^)L = -Da(/"^'*), where 1°-'^'^ is totally 
antisymmetric in its c, s and a indices. 
Finally, using the following identities 

DcDdfba = —- {R"" cdbfan + R"" cadfbn + R^ cbafdn) , (^16) 

2A- 

{D^Dd - DdD^)ipba = -R^ bcd^la - R^ acd^bl , D^Dbfca = '^—^fca , (A17) 

f lAlSp can be written as 

{Dl = 2 3\Da (f ['^^ b + If'^D'^^' b + iDbf'"^'^ b - If'^Dbif'^' + ^cp' bD^^r^) , 

(A18) 

which corresponds to ( fTOl) . 
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